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Abstract

Continuous symmetries are an important tool in the calculation of eigenstates of
the Hamiltonian in quantum mechanics. With the example of the hydrogen atom, we
show how Lie groups and Lie algebras are used to represent symmetries in physics
and how Lie group and Lie algebra representations are defined and calculated. In
addition to the rotational symmetry of the hydrogen atom, the Runge-Lenz vector is
also considered to derive an so(4) symmetry. Finally, using this symmetry the energy
eigenvalues En = −mk2

2n2 with their their n2 degeneracy are calculated.
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1 Introduction and Motivation
In previous talks we have seen that symmetries can be used to simplify the calculation of
eigenstates of the Hamiltonian. More precisely, we observed representations of the finite
groups describing the symmetries. Using the fact, that the symmetries commute with the
Hamiltonian it suffices to calculate the Eigenstates of the group representation. But so
far we have only seen discrete symmetries (thus finite groups). In this part of the seminar
we analyse how we can use similar methods for continuous symmetries, more precisely we
investigate representations of Lie groups and their respective Lie algebras.

This report is organized as follows. We begin by introducing the hydrogen atom as the
main example of the theories discussed and a classical motivation using Noether’s theorem.
In section 2 the mathematical foundation needed to calculate irreducible representations is
covered by a discussion on Lie groups and algebras. Knowing about the mathematical tools
we immerse ourselves into the rotational symmetry of the Hydrogen atom and calculate the
eigenstates of the Hamiltonian. Finally, in section 4 the Runge-Lenz vector is introduced
to investigate the so(4) symmetry of the problem, which enables the calculation of the
energy eigenvalues and their degeneracy.

1.1 Hydrogen Atom

During the derivations to come we will repeatedly come back to one specific example: The
hydrogen atom. First, we will analyse the spherical symmetry of the Coulomb potential
to derive the eigenstates of the Hamiltonian:

H =
p2

2m
− k

r
, k = e2 (1)

Later however, we will observe that there is another hidden symmetry to this problem
which will allow further investigation into the energy eigenstates of the hydrogen atom.

1.2 Continuous Symmetries and Noether’s Theorem

Even though finite dimensional groups are certainly easier to understand than the groups
describing continuous symmetries, the latter also have properties we can use that are not
available in the finite case. In particular, we know from classical mechanics that we can
use Noether’s theorem to connect continuous symmetries to conserved quantities.[5]

Theorem 1.1. (Noether) Assume we have a system described by generalized coordinates
q1, . . . , qn and the Lagrangian L(q1, . . . , qn, q̇1, . . . , q̇n, t). Further assume that an infinitesimal
transformation

qi(t) 7→ qi(t) + δqi(t) (2)
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is a symmetry transformation, i.e. the action is invariant under this transformation. Then
there is a conserved quantity of the system

J =
∑
i

∂L
∂q̇i

δqi − F (3)

where dF
dt

= ∆L is the change to the Lagrangian under the transformation.

As a first example we analyse the rotational symmetry of the hydrogen atom (equation
1). As Noether’s theorem is stated in the Lagrangian formalism, we have to perform a
Legendre transform to derive the Lagrangian.

L =
1

2
mq̇2 +

k

|q|
, q = (x, y, z)T (4)

To find the constant of motion corresponding to the symmetry we look at infinitesimal
transformations, e.g. we start with an infinitesimal rotation (φ→ 0) around the x-axis:x′y′

z′

 =

1 0 0
0 cos(φ) − sin(φ)
0 sin(φ) cos(φ)

xy
z

 ≈
xy
z

+

0 0 0
0 0 −1
0 1 0

xy
z

 , (5)

where we performed a first order Taylor approximation around φ = 0. This now allows to
write the transformation in the form of the theorem:

x 7→ x+ δx = x+ 0

y 7→ y + δy = y − z
z 7→ z + δz = z + y

Note that in this case not only the action, but also the Lagrangian is invariant under the
transformation, thus, ∆L = 0. The conserved quantity is then given as

∂L
∂ẋ

δx+
∂L
∂ẏ
δy +

∂L
∂ż
δz = 0−mẏz +mży = Lx (6)

the x component of the angular momentum. Similarly, using rotations around the y and z
axis, we find that Ly and Lz are conserved.
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2 Lie Groups and Lie Algebras
As we have seen in the example above, the rotational symmetry (for example in the
hydrogen atom) is mathematically described through the special orthogonal group SO(3).
It turns out that SO(3) – like all groups describing a continuous symmetry – is a Lie group.
It, thus, certainly make sense to look at the mathematical definition.

Definition 2.1. A Lie group is a set endowed simultaneously with the compatible structures
of a group and a C∞ manifold. Meaning that the multiplication and inverse operations in
the group structure are differentiable maps.[1]

The most common example for a Lie group is the general linear group GL(n). Many other
Lie groups can be defined as subgroups of GL(n), such as the (special) orthogonal groups
O(n), SO(n), the symplectic group Sp(n) or the special linear group Sl(n). Although, of
course, not all Lie algebras are subgroups of GL(n), we will in the following sections restrict
ourselves to matrix Lie groups, in order to simplify some of the discussions significantly.

Now that we know the mathematical construct which describes the symmetry, we would
like to know how Lie group representations are defined. In fact, the definition is identical
to the case of finite groups.

Definition 2.2. A representation ρ : G→ GL(V ) of a Lie group G is a morphism from
G to the group of automorphisms on a vector space V . Meaning for g, h ∈ G, v ∈ V it
holds that ρ(g · h)v = ρ(g) ◦ ρ(h)v.

Sadly, the methods we used for finite groups, such as finding a character table to derive
the irreducible representations, no longer work in the case of Lie groups as they have an
infinite number of elements.

An interesting fact, however, is that if G is a connected Lie group, any neighbourhood
U ⊂ G of the identity generates G. This means that a representation ρ : G → H is
uniquely determined by what it does on any open set containing the identity in G. More
precisely, it can be shown that ρ is uniquely determined by its differential at the identity
dρe. How exactly this can be done, will now be investigated. [1]
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2.1 Lie Algebras

As of the last comment in the previous subsection it seems to make sense to have a closer
look at the tangent space TeG of G at the identity. Especially, we would like to know
which maps σ : TeG→ TeH on the tangent space of G are differentials of a representation
ρ : G→ H. 1

Theorem 2.1. Let G and H be matrix Lie groups with G simply connected and let g = TeG
and h = TeH be their respective tangent spaces at the identity. A linear map σ : g→ h is
the differential of a map ρ : G → H, if and only if σ preserves the commutator, meaning
for x, y ∈ g

[σ(x), σ(y)] = σ([x, y]), (7)

where [x, y] = xy − yx.

The proof to this theorem can be found in [1]. This proposition motivates the following
definition.

Definition 2.3. A Lie algebra g is a vector space together with a bilinear map

[, ] : g× g→ g (8)

called the Lie bracket, such that ∀x, y ∈ g the properties

• [x, y] = −[y, x] (skew symmetric)

• [x, [y, z]] + [y, [z, x]] + [z, [x, y]] = 0 (Jacobi identity)

are fulfilled.

In particular, for a matrix Lie group G we can define its Lie algebra g = TeG as the
tangent space at the identity with the commutator as the Lie bracket. Again motivated
by proposition 2.1 we define representations of Lie algebras.

Definition 2.4. A Lie algebra representation is a linear map ρ : g → gl(V ) from the
Lie algebra g to the vector space gl(V ) = Mn×n of endomorphisms of a vector space V ,
that preserves the Lie bracket.

How does this simplify the procedure of finding irreducible representations, you might ask?
The beauty of the Lie algebra is, that we now work with a (most likely finite dimensional)
vector space instead of the infinite group. Thus, it suffices to find out how the basis
elements of this vector space are represented. Instead of observing an infinite number
of group elements we only need to understand what the representation does with a few
elements in a vector space.

1Another motivation originates from Noether’s theorem: In the example discussed above we used the
Taylor approximation of an infinitesimal rotation to describe the transformation, i.e. we linearised the
transformation. This is essentially the same idea as looking at the tangent space at the identity of the Lie
group.
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2.2 The Exponential Map

In this subsection we analyse how we can use the exponential map to transform a representation
of the Lie algebra back to its corresponding Lie group representation. Again we restrict
ourselves to matrix Lie groups.

Definition 2.5. The exponential map exp : g → G for a matrix Lie group G and its
corresponding Lie algebra g is defined as

exp(x) =
∞∑
k=0

xk

k!
(9)

Of course we need to prove that this definition is indeed well defined. We show this for the
case that the matrix Lie group is closed.

Proof. Let x ∈ g = TeG such that X(t) ∈ G is the curve with X(0) = e and d
dt
X(t)

∣∣
t=0

= x.
Let t ∈ R and define the sequence Xn = X( t

n
)n ∈ G. We find

lim
n→∞

Xn = lim
n→∞

X
( t
n

)n Taylor
= lim

n→∞

(
e+

t

n
x+O

( 1

n2

))n
= lim

n→∞
exp

( t
n
x+O

( 1

n2

))n
= lim

n→∞
exp

(
tx+O

( 1

n

))
= exp(tx)

As we assumed G to be closed, the limit of the sequence Xn is contained in G and, thus,
for t = 1 we find that indeed exp(x) ∈ G.

So apparently we can use the exponential to map elements of the Lie algebra into the Lie
group. Even better news is that this works similarly for representations: [2]

Theorem 2.2. Let G be a matrix Lie group with Lie algebra g and let ρ : G→ GL(V ) be
a finite dimensional representation of G. Then there is a unique representation σ : g →
gl(V ), such that

ρ(exp(x)) = exp(σ(x)) (10)
for all x ∈ g. The representation σ can be computed as

σ(x) =
d

dt

[
ρ(exp(tx))

]∣∣∣
t=0

(11)

If G is additionally simply connected, we can even state the following proposition:

Theorem 2.3. Let g be the corresponding Lie algebra of a simply connected Lie group
G and let σ : g → gl(V ) be a representation of g on V . Then there is a corresponding
representation ρ : G→ GL(V ) of the Lie group, uniquely determined by the condition

σ(x) =
d

dt

[
ρ(exp(tx))

]∣∣∣
t=0

(12)
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3 Representation Theory of sl(2,C)

3.1 Lie Algebra of SO(3)

Our goal is to use the theory discussed above to determine the eigenstates of the hydrogen
atom. Thus, we are interested in the Lie algebra of the group of rotations SO(3). To find
the tangent space at the identity we observe rotations around the three principal axes:

Rx(φ) =

(
1 0 0
0 cos(φ) − sin(φ)
0 sin(φ) cos(φ)

)
, Ry(θ) =

(
cos(θ) 0 sin(θ)

0 1 0
− sin(θ) 0 cos(θ)

)
, Rz(ψ) =

(
cos(ψ) − sin(ψ) 0
sin(ψ) cos(ψ) 0

0 0 1

)
(13)

Those generate the Lie group and it, thus, suffices to derive the three principal rotations
to find a basis (the generators) for the tangent space, i.e. the Lie algebra. We find

Lx =
d

dφ
Rx(φ)

∣∣
φ=0

=

0 0 0
0 0 −1
0 1 0


Ly =

d

dθ
Ry(θ)

∣∣
θ=0

=

 0 0 1
0 0 0
−1 0 0


Lz =

d

dψ
Rz(ψ)

∣∣
ψ=0

=

0 −1 0
1 0 0
0 0 0


Note that using the exponential map defined above, we can map the generators back onto
their rotational matrices, e.g. exp(φLx) = Rx(φ). The Lie brackets of this Lie algebra are
well known:

[Li, Lj] = εijkLk (14)

To find the irreducible representations of so(3) we need another trick, which will be shown
in the next subsection.

Important: The definition of the above generators is the mathematical convention. In
physics, the generators are multiplied with the imaginary unit Li = iLi, which leads to the
commutation relations known from quantum mechanics:

[Li, Lj] = iεijkLk (15)

In the following we will use the mathematical convention in the theoretical derivations but
switch to the physical convention when talking about the operators in the Hilbert space.
To avoid confusion, generators in physical convention will be displayed in sans serif font.
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3.2 Isomorphism so(3)⊗ C→ sl(2,C)

The problem with so(3) is, that none of the generators are diagonal. As we will see
later, finding the irreducible representations is a much simpler task, if we have at least
one diagonal basis element. Luckily, we can show that so(3) is, after complexification,
isomorphic to the Lie algebra of the special linear group sl(2,C), where this condition is
fulfilled.

The Lie algebra sl(2,C) is given as the vector space of traceless 2× 2 matrices.2 A natural
basis is

h =

(
1 0
0 −1

)
, e =

(
0 1
0 0

)
, f =

(
0 0
1 0

)
, (16)

which has the commutation relations

[h, e] = 2e, [h, f ] = −2f, [e, f ] = h (17)

We can now define the linear map Ψ : so(3)⊗ C→ sl(2,C) by

Lx 7→
1

2
(e− f), Ly 7→

i

2
(e+ f), Lz 7→

i

2
h, (18)

By definition, Ψ is bijective. It remains to be shown that Ψ preserves the Lie bracket:

[Ψ(Lx),Ψ(Ly)] =
i

4
[e− f, e+ f ] =

i

4

(
[e, f ]− [f, e]

)
=
i

4
(2h) = Lz = [Lx, Ly]

[Ψ(Ly),Ψ(Lz)] = −1

4
[e+ f, h] = −1

4

(
[e, h] + [f, h]

)
=

1

4
(2e− 2f) = Lx = [Ly, Lz]

[Ψ(Lz),Ψ(Lx)] =
i

4
[h, e− f ] =

i

4

(
[h, e]− [h, f ]

)
=
i

4
(2e+ 2f) = Ly = [Lz, Lx]

So indeed, Ψ is an isomorphism of Lie algebras and from now on we can work with sl(2,C)
instead of so(3). Once we have found a representation σ : sl(2,C)→ gl(V ), we can define
ρ = Ψ−1 ◦ σ : so(3)⊗ C→ gl(V ) to find a representation on so(3).

2We will not use the connection to the Lie group SL(2,C), thus this derivation is omitted. It suffices
at the moment to think of sl(2,C) as this vector space together with the commutator as Lie bracket.
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3.3 Simple Lie Algebras

Before we start determining the irreducible representations of sl(2,C), we need some more
definitions and results from Lie algebra representation theory.[1]

Definition 3.1. A Lie subalgebra h ⊂ g is called ideal, if [h, g] ⊂ h.

Definition 3.2. A Lie algebra g is called simple, if it has no non-trivial ideals.

Simple3 Lie algebras have some useful properties:

Theorem 3.1 (Complete Reducibility). Let V be a representation of the simple Lie algebra
g and W ⊂ V a subspace invariant under the action of g. then there exists another
invariant subspace W ′ ⊂ V such that V = W ⊕W ′. Thus, V is completely reducible.

This proposition is crucial, as it allows the decomposition in irreducible representations as
we know it from finite groups. It also insures us that it suffices to look at the irreducible
representations.

Theorem 3.2 (Preservation of Jordan Decomposition). Let g be a simple matrix Lie
algebra and x ∈ g, let ρ : g → gl(V ) be a representation. Then ρ preserves the Jordan
decomposition x = D +N (where D is diagonal and N nilpotent), i.e.

ρ(x) = ρ(D) + ρ(N), (19)

where ρ(D) is diagonal and ρ(N) nilpotent.

An important consequence of this proposition is that, if x ∈ g is diagonal, then for any
representation ρ : g→ gl(V ) the action ρ(x) is diagonal as well. After this discussion, we
of course hope that the Lie algebra in question (sl(2,C)) is a simple Lie algebra. Luckily,
the answer is yes.

Proof. Assume sl(2,C) was not simple. Then there exists a non-trivial ideal h ⊂ sl(2,C).
As h is non-trivial, it is at least one dimensional and contains a basis element x = αh+ βe+ γf ,
where h, e, f is the basis defined above. Since h is ideal, [h, x] is contained in h. We calculate

[h, x] = α[h, h] + β[h, e] + γ[h, f ] = 2eβ − 2fγ ∈ h. (20)

Thus, either α = 0 or h ∈ h. If the latter was true, then [h, e] = 2e ∈ h and [h, f ] = −2f ∈
h, hence, h = sl(2,C), contradicting the assumption. If, however, α = 0 we find

[e, x] = β[e, e] + γ[e, f ] = γh ∈ h. (21)

As shown above, h /∈ h, thus γ = 0. Similarly we can show β = 0, thus h is trivial and
sl(2,C) is simple.

3In fact, the following theorems are also valid for semisimple Lie algebras. See [1]
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3.4 Irreducible Representations of sl(2,C)

Finally, we have done the ground work to now construct the irreducible representations.
Let ρ : sl(2,C) → gl(V ) be an irreducible finite-dimensional representation of sl(2,C).
Due to proposition 3.2, we know that for the canonical basis {h, e, f} defined above ρ(h)
is diagonal and we can decompose the vector space V into eigenspaces Vα of ρ(h):

V =
⊕
α

Vα (22)

meaning that for any v ∈ Vα we have ρ(h)v = αv. In a next step we need to find out how
e and f act on the eigenspaces Vα. To do this we observe

ρ(h)ρ(e)v = [ρ(h), ρ(e)]v + ρ(e)ρ(h)v = 2ρ(e)v + αρ(e)v = (2 + α)ρ(e)v (23)

and see that ρ(e) : Vα → Vα+2 increases the eigenvalue (of v under the action of h) by
2. Similarly we can show that ρ(f) decreases the eigenvalue by 2. By assumption V is
finite-dimensional, thus for some α the eigenspace Vα = 0 has to be trivial. We denote Vn
as the last non-trivial eigenspace, i.e. Vn+2 = 0.

We now claim that acting with f on v ∈ Vn inductively spans the whole vector space,
meaning span{v, ρ(f)v, ρ(f)2v, . . . } = V .

Proof. As per assumption V is irreducible, it suffices to show thatW = span{v, ρ(f)v, ρ(f)2v, . . . }
is invariant under the action of ρ. Obviously, W is invariant under ρ(f). As all ρ(f)kv ∈
Vn−2k are eigenvectors of ρ(h), W is also invariant under ρ(h). It remains to be shown that
ρ(e)W ⊂ W . We know ρ(e)v = 0 as v ∈ Vn, next we check

ρ(e)ρ(f)v = [ρ(e), ρ(f)]v + ρ(f)ρ(e)v = ρ(h)v = nv ∈ W (24)

also for the next element

ρ(e)ρ(f)2v =[ρ(e), ρ(f)]ρ(f)v + ρ(f)ρ(e)ρ(f)v =

ρ(h)ρ(f)v + nρ(f)v = (n− 2)ρ(f)v + nρ(f)v ∈ W.

Similarly, one can show by induction that ρ(e)ρ(f)kv = k(n − k + 1)ρ(f)k−1v ∈ W and,
thus, W = V .

We now again address the finite-dimensionality of V : In addition to the upper bound Vn
there is also an k such that ρ(f)kv = 0 for v ∈ Vn, representing a lower bound. We set m
to be the smallest number that satisfies this condition, i.e. ρ(f)m−1v 6= 0. If we look at
the formula derived above we find

0 = ρ(e)ρ(f)mv = m(n−m+ 1)ρ(e)m−1v. (25)
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Because we chose m such that ρ(f)m−1v 6= 0, we now know that n = m− 1 ∈ N0 must be
a non-negative integer. [1]

To summarise: The irreducible representations of sl(2,C) are given by the n+1-dimensional
vector spaces V n = span{v, ρ(f)v, ρ(f)2v, . . . , ρ(f)nv}, where v is an eigenvector of ρ(h)
with eigenvalue n, such that ρ(e)v = 0. Applying ρ(f) to v reduces the eigenvalue by 2
until ρ(f)nv has an eigenvalue of −n and ρ(f)n+1 = 0.

3.5 Representations of SO(3)

Finally, we aim to lift the Lie algebra representations of so(3) derived above to their
corresponding Lie group representations. There is one problem, however: SO(3) is not
simply connected and, thus, proposition 2.3 cannot be applied in this case. So our goal is
to find out, which irreducible representations V n are representations of SO(3). [2]

From quantum mechanics we know that the orbital angular momentum operator Lz only
has integer eigenvalues. If we naively connect the operator with the so(3) generator Lz
we see that it is proportional to h/2 (equation 18). But in the previous subsection we
found out that for the irreducible representation V n, h has eigenvalues λk = (n − 2k) for
n ∈ N0, k ∈ 0, . . . , n. If we want the eigenvalues of Lz ∼= h

2
to be integer, λk need to be

even and, thus, n needs to be even. From this discussion we suspect that only the even
representations V 2n of sl(2,C) are representations of SO(3).

Theorem 3.3. Let σn : so(3)→ gl(V n) be an irreducible representation as in the previous
subsection. If n is even, there exists a representation ρn : SO(3) → GL(V n) such that
ρn(exp(x)) = exp(σn(x)). If n is odd, this representation does not exist.

Proof. Suppose n is odd and ρn existed. First, note that exp(2πLz) = idG. Thus, we find

ρn(exp(2πLz)) = ρn(idG) = IV (26)

If we, however, first calculate the action of Lz in V n, we find (in the canonical basis
{v, σn(f)v, . . . , σn(f)nv} of eigenvectors of σn(h)):

σn(Lz) =
i

2


i
2
n

i
2
(n− 2)

. . .
− i

2
n

 (27)

Due to proposition 2.2 we now know that

ρn(exp(2πLz)) = exp(2πσn(Lz)) =


exp(iπn)

exp(iπ(n− 2))
. . .

exp(−iπn)

 = −IV ,

(28)
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contradicting the first calculation. Thus, ρn cannot exist.
The proof that the even representations exist is based on the fact, that the above contradiction
does not exist for even n. A rigorous proof can be found in [2].

The proposition, thus, legitimates the thought at the beginning of this subsection. To
bring it all together, we will look at how we connect the irreducible representations V n

with the known eigenstates of the hydrogen atom |l,m〉:

• The irreducible representation V n=2l corresponds to the eigenspace Hl of the total
orbital angular momentum L2. It has dimension 2l + 1.

• The eigenvalues of the Lz operator are n
2
, n−2

2
, . . . , −n

2
≈ l, l−1, . . . ,−l and correspond

to the quantum number m.

• While e and f are used to raise and lower the eigenvalues of h in sl(2,C), L+ ∼= e
and L− ∼= f are the raising and lowering operators in the Hilbert space.

4 Runge-Lenz Vector
So far we used the rotational SO(3) symmetry of the hydrogen atom to find the eigenstates
of the Hamiltonian using representation theory. Further, using Noether’s theorem we found
the conserved quantity corresponding to the symmetry: The orbital angular momentum.
But even though it seems as we have solved the hydrogen atom, there is more to be found
in its symmetries. From classical mechanics we know that in a central potential V (r) = k

r

(known as the Kepler problem) the Runge-Lenz vector

~M = ~v × ~L− k~r
r

(29)

is another constant of motion. This history of this vector is quite interesting, as it was
(re-)discovered by many physicists over the years, due to its physical meaning being
somewhat unintuitive compared to the angular momentum. In fact, the physical meaning
lies in the fact that

~L · ~M = 0 (30)

it is orthogonal to the angular momentum. This of course means that the direction of ~M
always points into the plane of the orbit. Additionally, if we look at the magnitude

| ~M | ∝ ε (31)

we find that it describes the eccentricity of the orbit in the Kepler problem. [6]

The hope is of course, that we can find a correspondence to the classical Runge-Lenz
vector in the quantum mechanical hydrogen atom. Indeed, this can be done: To find the
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corresponding operator we simply take the hermitian part of the classical vector and apply
the correspondence principle:

M =
1

2m
p× L− 1

2m
L× p− k

r

|r|
(32)

To check that M is a constant of motion we compute the commutator with the Hamiltonian
and find that indeed

[H,Mi] = 0 (33)

Thus, Noether’s theorem states that there has to be an underlying continuous symmetry
corresponding to this conserved quantity.

4.1 so(4) Symmetry of the Hydrogen Atom

To find the Lie algebra corresponding to the Runge-Lenz vector, we compute some more
commutators:

[Li,Mj] = iεijkMk

[Mi,Mj] = −iεijkLk(2/m)H

The second relation motivates to a redefinition of M in the eigenspace of H with energy
E < 0 as

M̃i =

√
m

−2E
Mi, (34)

leading to the much simpler relation [M̃i, M̃j] = iεijkLk. Together with [Li, Lj] = iεijkLk
those are, as we will show, exactly the commutation relations of the Lie algebra so(4).[4]

The generators of so(4) can be found similarly to those of so(3), they are

A1 =

(
0 . . .
... Lx

)
, A2 =

(
0 . . .
... Ly

)
, A3 =

(
0 . . .
... Lz

)
,

B1 =


0 1 0 0
−1 0

0
. . .

0 0

 , B2 =


0 0 1 0
0 0

−1
. . .

0 0

 , B3 =


0 0 0 1
0 0

0
. . .

−1 0


and have the commutation relations [Ai, Aj] = εijkAk, [Bi, Bj] = εijkAk and [Ai, Bj] = εijkBk.
Identifying Ai with the orbital angular momentum Li and Bi with the Runge-Lenz vector in
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the energy eigenspace M̃i
4 proofs the claim, that the hydrogen atom has an so(4) symmetry.

The question which we will have to answer next is what the irreducible representations of
this Lie algebra are.

4.2 Isomorphism so(4)→ so(3)⊕ so(3)

To find the irreducible representations of so(3) we used the isomorphism to sl(2,C) which
simplified this process dramatically. Sadly, there is no isomorphism from so(4) to sl(3,C)
or a similar Lie algebra. However, we can still use the theory derived above in an even
simpler way. To do this we transform the canonical basis {A1, A2, A3, B1, B2, B3} of so(4)
into a new basis as follows:

Xi =
1

2
(Ai +Bi), i ∈ {1, 2, 3}

Yi =
1

2
(Ai −Bi), i ∈ {1, 2, 3}

If we compute the commutators we find that

[Xi, Yj] =
1

4

(
[Ai, Aj]− [Ai, Bj] + [Bi, Aj]− [Bi, Bj]

)
=

1

4
εijk(Ak −Bk +Bk − Ak) = 0

[Xi, Xj] =
1

4

(
[Ai, Aj] + [Ai, Bj] + [Bi, Aj] + [Bi, Bj]

)
=

1

4
εijk(Ak +Bk +Bk + Ak) = εijkXk

[Xi, Xj] =
1

4

(
[Ai, Aj]− [Ai, Bj]− [Bi, Aj] + [Bi, Bj]

)
=

1

4
εijk(Ak −Bk −Bk + Ak) = εijkYk.

We have, thus, split the so(4) Lie algebra into two copies of so(3) algebras, showing that
so(4) ∼= so(3)⊕ so(3) are isomorph to each other!

To find the representations of so(4) we can simply add up any two representations of so(3).

4For this identification we have to keep in mind that the convention changes, thus Li ∼= iAi and M̃i
∼= iBi.
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4.3 Calculating the Energy Eigenvalues

Finally, we want to determine the energy eigenstates of the Hamiltonian H. To do this we
state some further relations:

M · L = L ·M = 0, M2 = 2H(L2 + 1)/m + k2 (35)

In the eigenspace of energy E < 0 we identify the Hamiltonian with the energy eigenvalue
and solve for E:

E = − mk2

2(M̃2 + L2 + 1)
= − mk2

2((X− Y)2 + (X + Y)2 + 1)
= − mk2

2(2X2 + 2Y2 + 1)
(36)

We know that the operators X and Y each span an so(3) algebra. As they commute with
the Hamiltonian, the eigenstates of H are also eigenstates of X and Y and we can, thus,
use so(3) representation theory which tell us that

X2 = jx(jx + 1), Y2 = jy(jy + 1), (37)

where jx, jy are integer or half-integer numbers. However, condition 35 tells us, that

0 = M̃ · L = (X + Y) · (X− Y) = X2 − Y2 =⇒ X2 = Y2 =⇒ jx = jy = j (38)

the quantum numbers are equal for both copies of so(3), leading to

En = − mk2

2(4j(j + 1) + 1)
= − mk2

2(2j + 1)2
= −mk2

2n2
, (39)

where n = 2j + 1 is an integer.[3]

An important side note is, that this calculation was initially performed by Wolfgang Pauli
in 1926 with minimal knowledge about today’s quantum mechanical world. Indeed, in none
of our calculations we used, for example, Schrödinger’s equation. This example is perfect
to show how powerful continuous symmetries are in solving physical and in particular
quantum mechanical problems. [7]
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4.4 Degeneracy

Now that we have calculated the energy eigenvalues of the hydrogen atom an interesting
addition would be to look at their degeneracy and compare the result with the typical
treatment of this problem. As we have seen in section 3.4, the irreducible representation
V 2j of so(3) (equivalent to the Hilbert space Hj) has dimension 2j + 1. In the above
discussion we have seen that the eigenspace of the energy eigenvalues En is the so(4)
representation Hj ⊗ Hj with n = 2j + 1. Combining these facts we conclude that the
degeneracy of the eigenvalue En is

dim(Hj ⊗Hj) = (2j + 1)2 = n2 (40)

The same result is achieved if we assume that the angular momentum quantum number l
takes values between 0 and n− 1.

n−1∑
l=0

dim(Hl) =
n−1∑
l=0

2l + 1 = n(n− 1) + n = n2 (41)

So not only can we predict the energy eigenvalues correctly, but even their degeneracy can
be accurately determined simply by observing the symmetry.

5 Conclusion
Starting in the classical world, we used Noether’s theorem and the implied connection to
conserved quantities as a motivation to the power of continuous symmetries in physics. We
learnt that Lie groups are used to represent continuous symmetries mathematically and
found that their corresponding Lie algebras can be used – together with the exponential
map – to simplify the calculation of (irreducible) representations. After deriving the Lie
algebra so(3) of the rotational symmetry in the hydrogen atom and investigating the
isomorphism to the simple Lie algebra sl(2,C) we derived the irreducible representations
V n. The exponential map then helped us to find the representations of the Lie group in
the even sl(2,C) representations V n=2l which we connected with the eigenspaces of the
total angular momentum operator Hl known from quantum mechanics. Finally, based on
the classical conservation law of the RL vector in Kepler-type problems, we reviewed how
its quantum counterpart leads to exhibit a hidden so(4) symmetry in the H-atom. In turn
this allowed to deduce the exact spectrum, including both energy levels and degeneracies.
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